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POSITIVE SASAKIAN STRUCTURES ON 5-MANIFOLDS
JA´NOS KOLLA´R
A quasi–regular Sasakian structure on a manifold L is equivalent to writing L
as the unit circle subbundle of a holomorphic Seifert C∗-bundle over a complex
algebraic orbifold (X,∆ =
∑
(1− 1mi )Di). The Sasakian structure is called positive
if the orbifold first Chern class c1(X) − ∆ = −(KX + ∆) is positive. We are
especially interested in the case when the Riemannian metric part of the Sasakian
structure is Einstein. By a result of [Kob63, BG00], this happens iff
(1) −(KX +∆) is positive,
(2) the first Chern class of the Seifert bundle c1(L/X) is a rational multiple of
−(KX +∆), and
(3) there is an orbifold Ka¨hler–Einstein metric on (X,∆).
If the first two conditions hold, we say that f : L → (X,∆) is a pre-SE (or pre–
Sasakian–Einstein) Seifert bundle.
Note that if H2(L,Q) = 0 then H2(S,Q) ∼= Q and so the second condition is
automatic.
While it is not true that all pre-SE Seifert bundles carry a Sasakian–Einstein
structure, all known topological obstructions to the existence of a Sasakian–Einstein
structure in dimension 5 are consequences of the pre-SE condition.
A 2–dimensional orbifold (S,∆) such that−(KS+∆) is positive is also called a log
Del Pezzo surface. For any such, S is a rational surface with quotient singularities.
By [Kol05, 2.4], Seifert C∗-bundles over (S,
∑
(1 − 1mi )Di) are uniquely classified
by a homology class B ∈ H2(S,Z) and integers 0 < bi < mi with (bi,mi) = 1. We
denote the corresponding Seifert C∗-bundle (resp. S1-bundle) by
Y
(
S,B,
∑ bi
mi
Di
)
resp. L
(
S,B,
∑ bi
mi
Di
)
.
1 (Classification problems). Following [Kol05], we want to address 3 problems.
(1) Given (S,∆) and B, determine the 5–manifold L(S,B,
∑ bi
mi
Di).
(2) Given a 5–manifold L, decide if it can be written as L(S,B,
∑ bi
mi
Di) for
some (S,∆) and B.
(3) Given a 5–manifold L, describe all of its representations as L(S,B,
∑ bi
mi
Di)
for some (S,∆) and B.
The case when L is simply connected was studied in [Kol05]. Problem (1) was
solved in [Kol05, 5.7]. As to Problem (2), note that by a result of [Sma62], such
manifolds are determined by the second homology group H2(L,Z) if w2 = 0. (See
[Bar65] for the w2 6= 0 case.) The torsion part of H2(L,Z) can be completely
described as follows. (There are partial results about the rank of the free part.)
Theorem 2. [Kol05, 1.4] Let L be a compact 5–manifold such that H1(L,Z) = 0.
Assume that L has a positive Sasakian structure f : L→ (S,∆). Then the torsion
subgroup of the second homology, torsH2(L,Z), is determined by (S,∆) and it is
one of the following.
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(1) (Z/m)2 for some m ≥ 1,
(2) (Z/5)4 or (Z/4)4,
(3) (Z/3)4, (Z/3)6 or (Z/3)8,
(4) (Z/2)2n for some n ≥ 1.
Note that the theorem gives restrictions on L but does not say anything about
(S,∆). While it seems hopelessly complicated to describe all Seifert bundle struc-
tures on S5, there are few positive Sasakian structures on complicated 5–manifolds.
In particular, Problem (3) was settled for torsH2(L,Z) ∼= (Z/5)
4 [Kol05, 1.8.2].
The aim of this note is fourfold. First, we extend several of the results to 5–
manifolds which are not simply connected. Second, I would like to correct the
mistake in the classification of the case (2.1) which was brought to my attention
by K. Galicki. Third, Problem (3) is solved in the (Z/4)4 and (Z/3)8 cases. Fi-
nally, we show that in in many cases, all positive Sasakian structures are given by
hypersurfaces in C4 and also give explicit equations for these.
Toward the first goal, we show that the groups listed in (2.1–4) give large sub-
groups of all possible torsH2(L,Z).
Theorem 3. Let L be a compact 5–manifold with a positive Sasakian structure.
Then torsH2(L,Z) has a subgroup G as in (2.1–4) such that the quotient group
torsH2(L,Z)/G is Z/r, Z/r + Z/2 or Z/r + Z/3 for some r.
Our next aim is to prove that in most cases the existence of the subgroup G
controls L and the Sasakian structure very tightly.
Theorem 4. Let f : L→ (S,∆) be a compact 5–manifold with a positive Sasakian
structure. Assume that H2(L,Z) ⊃ (Z/m)
2 where m ≥ 28 or m ≥ 12 and (m, 6) =
1. Then
(1) S is a Del Pezzo surface with cyclic Du Val singularities only and ∆ =
(1− 1m′ )C where C ∈ |−KS | is a smooth elliptic curve and m
′ is a multiple
of m.
(2) there are 132 families of such (S,C) up to deformations that preserve the
singularities,
(3) for every such S, π1(S
0) is abelian of order ≤ 9, where S0 := S \ Sing S
denotes the set of smooth points. πorb1 (S, (1−
1
m′ )C) is also abelian of order
≤ 9, save 3 cases which are nonabelian of order 23, 24 or 33. The precise
values are in Table 2.
(4) The fundamental group of L is given by a central extension
0→ Z/d→ π1(L)→ π
orb
1 (S, (1−
1
m′ )C)→ 1,
for some d.
(5) The torsion of the second homology group of L sits in an exact sequence
0→ (Z/m′)2 → torsH2(L,Z)→ π1(S
0).
It is quite likely that the above theorem holds for all m ≥ 12. However, for
m < 12, there are many counter examples, see [Kol05, 6.6–7].
5 (Sasakian–Einstein structures). In each of the 132 cases the existence of positive
Sasakian and of pre–Sasakian–Einstein structures over (S,∆) is effectively decid-
able, but some of the computations may be lengthy.
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There are 93 cases of (S,C) when π1(S
0) = 1. In [Kol05, 1.8.1] I claimed, incor-
rectly, that they all admit a Seifert bundle with Sasakian–Einstein structure. We
see in (20) that these all admit Seifert bundles with a positive Sasakian structure,
but only 19 of them admit a Seifert bundle with pre–SE structure.
For the remaining 39 cases with π1(S
0) 6= 1 my computations are not yet com-
plete. There are some cases that do not have any smooth Seifert bundles over them
(26), and in many other cases Sasakian–Einstein structures exist.
6 (Hypersurface examples). Concrete examples of Sasakian structures can be ob-
tained using C∗-actions on algebraic hypersurfaces. A linear C∗-action on Cn can
be diagonalized and so given by weights (w1, . . . , wn). We consider only actions
which are effective (thus the weights are relatively prime) and the origin is an at-
tracting fixed point (thus wi > 0 for every i). Let Y ⊂ C
n be an algebraic variety,
smooth away from the origin, which is invariant under the C∗-action. Then its link
L := Y ∩ S2n−1(1) inherits a natural quasi–regular Sasakian structure and every
quasi–regular Sasakian structure arises this way.
This description is especially simple when Y is a hypersurface. In this case
everything is described by the weights (w1, . . . , wn) and a weighted homogeneous
polynomial f(x1, . . . , xn) which defines Y .
Thus, up to deformations, we need to specify the weights (w1, . . . , wn) and
the weighted degree d of f . I write L∗(w1, . . . , wn; d) for any such quasi–regular
Sasakian manifold. (The ∗ is to remind one that using weights is in some sense dual
to the notation in [BGK05].)
The simplest examples where π1(L) 6= 1 are created by taking a quotient by a
subgroup of C∗. These are all cyclic. Thus the symbol
L∗(w1, . . . , wn; d)/(Z/m) or L
∗(w1, . . . , wn; d)/
1
m (w1, . . . , wn)
stands for any Sasakian manifold obtained as L/(Z/m) ⊂ Y/(Z/m) where Y :=
(f = 0) is the zero set of a degree d weighted homogeneous polynomial such that Y
is smooth outside the origin and we take the quotient by the Z/m-action generated
by
(x1, . . . , xn) 7→ (ǫ
w1x1, . . . , ǫ
wnxn) where ǫ = e
2πi/m.
We call these the obvious quotients.
One can also take quotients by groups that are not contained in C∗. For instance,
one can take quotients
L∗(w1, . . . , wn; d)/
(
1
r (a1, . . . , an)×
1
m(w1, . . . , wn)
)
where the first factor of Z/r × Z/m acts via
(x1, . . . , xn) 7→ (η
a1x1, . . . , η
anxn) where η = e
2πi/r,
and the second factor acts as above. One should keep in mind that not all hy-
persurfaces L∗(w1, . . . , wn; d) admit such a Z/r-action. In using this notation, we
assume that we consider a case when the action exists.
We are now ready to state that classification theorem for those cases when
H2(L,Z) contains a large torsion subgroup.
Theorem 7. Let L be a compact 5–manifold with a positive Sasakian structure.
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(1) If H2(L,Z) ⊃ (Z/5)
4 then H2(L,Z) = (Z/5)
4 and L = L∗(5, 5, 15, 6; 30) or
an obvious quotient by Z/m for (m, 15) = 1. The simplest equation is
(x6 + y6 + z2 + t5 = 0)/ 1m (5, 5, 15, 6).
The moduli space of Sasakian–Einstein structures is naturally parametrized
by the moduli space of genus 2 curves.
(2) If H2(L,Z) ⊃ (Z/3)
8 then H2(L,Z) = (Z/3)
8 and L = L∗(3, 3, 15, 10; 30)
or an obvious quotient by Z/m for (m, 15) = 1. The simplest equation is
(x10 + y10 + z2 + t3 = 0)/ 1m (3, 3, 15, 10).
The moduli space of Sasakian–Einstein structures is naturally parametrized
by the moduli space of hyperelliptic curves of genus 4.
(3) If H2(L,Z) ⊃ (Z/4)
4 then either H2(L,Z) = (Z/4)
4 or H2(L,Z) = Z +
(Z/4)4. In the first case, there are 5 families:
(a) L = L∗(4, 4, 8, 5; 20) or an obvious quotient by Z/m for (m, 2) = 1,
with sample equation
(x5 + y5 + yz2 + t4 = 0)/ 1m (4, 4, 8, 5),
(b) Y = L∗(2, 2, 6, 3; 12)/ 12 (1, 1, 1, e) where e ∈ {0, 1} or an obvious quo-
tient by Z/m for (m, 6) = 1. The simplest equation is
(x6 + y6 + z2 + t4 = 0)/
(
1
2 (1, 1, 1, e)×
1
m (2, 2, 6, 3)
)
.
(c) L = L∗(4, 8, 20, 9; 40) or an obvious quotient by Z/m for (m, 6) = 1.
The simplest equation is
(x10 + y5 + z2 + xt4 = 0)/ 1m (4, 8, 20, 9).
(d) L = L∗(2, 4, 10, 5; 20)/ 12 (1, 0, 1, 1) or an obvious quotient by Z/m for
(m, 10) = 1. The simplest equation is
(x10 + y5 + z2 + t4 = 0)/
(
1
2 (1, 0, 1, 1)×
1
m(2, 4, 10, 5)
)
.
In the second case, there are infinitely many positive Sasakian structures
with the same π1 but only one which is pre–SE. These are:
(e) L = L∗(4, 4, 12, 5; 24) or an obvious quotient by Z/m for (m, 10) = 1.
The simplest equation is
(x6 + y6 + z2 + xt4 = 0)/ 1m (4, 4, 12, 5).
The moduli space of Sasakian–Einstein structures is naturally parametrized
by the moduli space of pairs (C, p) where π : C → P1 is a genus 2 curve
and p ∈ C is not a branch point in cases (a),(b),(e) and p ∈ C is a branch
point in cases (c),(d).
The above parametrizations of the moduli spaces of Sasakian–Einstein structures
are one–to–one. However, if we consider the moduli spaces of the resulting Ein-
stein metrics, we get a two–to–one parametrization since a curve and its complex
conjugate give the same Einstein metric, see [BGK05, 18–21].
I see no a priori reason why all these cases should be realizable as hypersurface
quotients. K. Galicki told me that he found the example (x6 + y6 + z2 + t5 = 0)
with H2(L,Z) = (Z/5)
4. This lead me to realize that in fact all examples with
H2(L,Z) = (Z/5)
4 are hypersurfaces. The equations are also easy to see in the
(Z/3)8 case, but are rather mysterious from the point of view of my proof for
several of the (Z/4)4 cases.
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1. Reduction to algebraic geometry
8. As in [BGK05, Kol05], to L = Y ∩ S2n−1(1) we associate a projective algebraic
variety X = Y \ {0}/C∗ with cyclic quotient singularities. There is also a natural
Q-divisor ∆ =
∑
(1− 1mi )Di on X whereDi ⊂ X is a divisor such that the stabilizer
of the C∗-action has order mi over the points of Di. The positivity of the Sasakian
structure is equivalent to the log Fano condition:
−
(
KX +
∑
(1− 1mi )Di
)
is ample.
Thus if dimL = 5, we are looking for pairs (S,∆) where
(1) S is a projective surface with cyclic quotient singularities,
(2) ∆ =
∑
(1− 1mi )Di is a Q-divisor, and
(3) −(KS +∆) is ample.
There are a few more conditions which we do not need for now.
A rather easy result [Kol05, 6.3] on log Del Pezzo surfaces gives the following
restriction on the Di:
(4) there is at most one index i such that g(Di) > 0.
Because of the special role of Di, we frequently set D := Di, r := mi and use the
notation (S, (1− 1r )D +∆).
It turns out that the ampleness of −(KS +(1−
1
r )D+∆) forces g(D) or r to be
quite small and this accounts for the restrictions in Theorem 2.
This is relevant to our purposes since [Kol05, 5.7] relates the torsion of H2(L,Z)
to the divisor
∑
(1− 1mi )Di:
(5) If H1(L,Z) = 0 then torsH2(L,Z) =
∑
(Z/mi)
2g(Di). Thus, in the log Del
Pezzo case, torsH2(L,Z) ∼= (Z/r)
2g(D).
If H1(L,Z) 6= 0, the spectral sequence in [Kol05, 5.10] becomes quite messy, but
in the log Del Pezzo case only one nonzero map involves H3(L,Z). The same proof
gives the following weaker result when the first ordinary homology of the base is
trivial.
Proposition 9. Let f : L5 → (S,∆ =
∑
(1 − 1mi )Di) be a smooth Seifert bundle
over a projective surface with quotient singularities. Assume that H1(S,Z) = 0 and
let s = rankH2(S,Q). Then there is an exact sequence
H1(S
0,Z) ∼= H3(S,Z)→ H3(L,Z)→ Zs−1 +
∑
(Z/mi)
2g(Di) → 0. (9.1)
Proof. The argument very closely follows [Kol05, 5.9–10]. As there, we have
exact sequences
0→ R1f∗ZL
τ
→ ZS → Q→ 0 (9.2)
and
0→
∑
i
ZPj/nj → Q→
∑
i
ZDi/mi → 0, (9.3)
where Pj ∈ S are the singular points. This implies thatH
i(S,Q) =
∑
iH
i(Di,Z/mi)
for i ≥ 1. The key piece of the long cohomology sequence of (9.2) is
H1(S,Z)→
∑
H1(Di,Z/mi)→ H
2(S,R1f∗ZL)→ H
2(S,Z)→
∑
H2(Di,Z/mi)
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Here H1(S,Z) = 0 and H2(S,Z) ∼= Zs by assumption. The right hand group is
torsion, hence there is a noncanonical isomorphism
H2(S,R1f∗ZL) ∼= Z
s +
∑
i
H1(Di,Z/mi).
Therefore, in the Leray spectral sequence Hi(S,Rjf∗ZL) ⇒ H
i+j(L,Z) the E2
term is
Z (torsion) Zs +
∑
i(Z/mi)
2g(Di) (torsion) Z
Z 0 Zs H3(S,Z) Z.
(9.4)
Since H3(S,Z) ∼= H1(S
0,Z) by [Kol05, 4.2], we get the exact sequence
H1(S
0,Z)→ torsH3(L,Z)→
∑
i
H1(Di,Z/mi)→ 0. 
Corollary 10. Notation and assumptions as in (9). Let pj ∈ S be the singular
points and nj the order of the local fundamental group.
(1) If any two of the numbers mi, nj are relatively prime then the sequence
(9.1) is left exact.
(2) If, in addition |H1(S
0,Z)| is relatively prime to
∏
mi then the sequence
(9.1) splits.
Proof. If any two of the numbers mi, nj are relatively prime, the sequence in
(9.2) splits and H0(S,Q) ∼= Z/(
∏
nj ·
∏
mi). This implies that H
1(S,R1f∗ZL) = 0.
The E2 term of the Leray spectral sequence (9.4) is
Z 0 Zs +
∑
i(Z/mi)
2g(Di) (torsion) Z
Z 0 Zs H3(S,Z) Z.
Thus H3(L,Z) sits in an exact sequence
0→ H3(S,Z)→ H3(L,Z)→ Zs +
∑
i
(Z/mi)
2g(Di) → Z
As before, H3(S,Z) ∼= H1(S
0,Z) and the extension of the torsion part splits if
|H1(S
0,Z)| is relatively prime to
∏
mi. 
This result turns out to be quite useful, since the groups H1(S
0,Z) are rather
special when (S,∆) is a log Del Pezzo surface. Thus S is a rational surface and
so H1(S,Z) = 0. A project of C. Xu aims to give a complete determination of
the possible fundamental groups π1(S
0) where S is a rational surface with quotient
singularities. While this is not easy, the first homology H1(S
0,Z) is not hard to
control.
The proof of (3) is obtained by combining (9) and (11).
Lemma 11. Let S be a log Del Pezzo surface with quotient singularities. Then
H1(S
0,Z) is either Z/m, Z/m+ Z/2 or Z/m+ Z/3 for some m ≥ 1.
Proof. Let S′ → S be the corresponding Galois cover with Galois group G.
The stabilizers of points are subgroups of the local fundamental groups at the
singularities, and hence cyclic. Moreover, no 1 6= g ∈ G fixes a curve pointwise.
Thus it is enough to prove the following.
Lemma 12. Let G be an Abelian group acting on a rational surface with cyclic
stabilizers. Assume also that no element fixes a curve of genus ≥ 1 pointwise.
Then G is either Z/m, Z/m+ Z/2 or Z/m+ Z/3.
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Proof. We can take a G-equivariant resolution and then pass to the G-minimal
model T . (Note that if a smooth point p ∈ T is fixed by an Abelian group H then
H also has a fixed point on the blow up BpT , so a fixed point on one model gives
a fixed point on any other model.)
Our aim is to find a G-invariant subset Z ⊂ T such that either Z ∼= P1 or Z is
at most 3 points. In the first case, G acts on P1 hence it either has a fixed point,
or it acts through (Z/2)2 and an index 2 subgroup has a fixed point. In the second
case a subgroup of index ≤ 3 has a fixed point. Such a subgroup is cyclic and so G
is Z/m, Z/m+ Z/2 or Z/m+ Z/3 as required.
Consider first the case when there is a G-equivariant ruling f : T → P1. We
are done if f∗ : G → Aut(P
1) is injective. Otherwise, any g ∈ ker f∗ fixes 2 points
in each fiber of f , thus g fixes either 1 or 2 irreducible curves pointwise and their
union is G-invariant. We are done if there is a G-invariant curve.
Otherwise, every g ∈ ker f∗ fixes 2 disjoint curves E1, E2 pointwise and G per-
mutes these curves. By the Hodge index theorem E2i ≤ 0, thus they generate the
“other” extremal ray of the cone of curves. In particular, either T = P1 × P1 or
these curves are unique and every element of ker f∗ fixes the same curves. If G
has a fixed point p ∈ P1 then Z := f−1(p) ∩ (E1 ∪ E2) is a 2–element set fixed by
G. If there is no such p then G acts on P1 and also on E1 ∪ E2 through (Z/2)
2.
Furthermore, there is an index 2 subgroup H ⊂ G which fixes each Ei and has a
fixed point on each Ei. Thus H is cyclic and so G ∼= Z/m or G ∼= Z/m+ Z/2.
The P1 × P1 case is left to the end.
Otherwise T is a Del Pezzo surface of G-Picard number 1.
Assume that some g ∈ G pointwise fixes some curves Ci. The Ci are smooth,
disjoint, rational curves. By the adjunction formula, C2i ∈ {0,−1} or T
∼= P2.
Their sum
∑
Ci is G-invariant and not ample, but this contradicts G-minimality.
Thus either T ∼= P2 or every element of G acts with isolated fixed points.
Assume that there is H < G with H ∼= (Z/2)2. Then T/H is a Del Pezzo
surface with A1-singularities only. From Table 2 in (24) we see that degT/H = 2
and T ∼= P1 × P1. Thus, aside from this case, the 2–part of G is cyclic.
If T = P2, take any g ∈ G. It has either 3 fixed points or a fixed point and a
fixed line (and the second case must happen if g2 = 1). In the second case, the
fixed point is G-fixed (and so G is cyclic) and in the former case either all 3 points
are G-fixed or G permutes them cyclically.
If degT ∈ {1, 2, 3, 4, 5} then Aut(T ) acts faithfully on H2(T,Z). Indeed, if g acts
trivially on H2(T,Z) then it descends to an automorphism of P2 with ≥ 4 fixed
points in general position, hence g = 1. Thus, G is a subgroup of the Weyl group
of E8, E7, E6, D5, A4 (cf. [Man86, Sec.25]).
If degT = 1 then |KT | has a unique base point which is fixed by Aut(T ), so G
is cyclic.
If deg T = 2 then there is a unique degree two morphism T → P2. If |G| is odd
and H < G then any H-fixed point on P2 is dominated by (one or two) H-fixed
point(s) on T . If G is even, then a G-fixed point on P2 is dominated by two points
and each is fixed by an index 2 subgroup of G.
If degT ∈ {3, 4, 5} then by looking at the order of the Weyl groups, we see
that the odd part Godd ⊂ Z/15, except possibly when deg T = 3 where the 3–part
could be bigger. Any action of a group on a cubic surface T induces an action
on P3 ∼= |KT |. For odd order groups this action lifts to C
4 since the kernel of
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SL4 → PSL4 is Z/4. Thus we get an eigenvector on C
4 and a fixed point on the
cubic T .
If degT = 6 then only Z/3 can act on the (−1)-curves nontrivially, and even
for the Z/3-action there is a Z/3-invariant set of 3 disjoint (−1)-curves. Thus the
action descends to P2.
There are no G-minimal Del Pezzo surfaces of degree 7 and in degree 8 we get
P1 × P1.
Thus we are left with G acting on P1 × P1. If any g ∈ G interchanges the two
factors, then g has 2 fixed points or a fixed rational curve from the Lefschetz fixed
point formula. In both cases an index 2 subgroup of G has a fixed point.
The last case is when G preserves the coordinate projections. The image of G in
each Aut(P1) is either cyclic or (Z/2)2. If the first case happens at least once, then
an index 2 subgroup has a fixed point. Finally we have to deal with subgroups of
G ⊂ (Z/2)4. If the order is 8 or 16 then there are g1, g2 ∈ G which act trivially on
the first (resp. second) factor. Thus 〈g1, g2〉 is a noncyclic subgroup with a fixed
point, a contradiction. 
Putting these together, we obtain the following. Note that the torsion in H2 is
dual to the torsion in H3, thus a quotient of H3 becomes a subgroup of H2.
Corollary 13. Let L be a compact 5–manifold with a positive Sasakian structure.
Then the torsion subgroup of the second homology, torsH2(L,Z) has a subgroup G
such that
(1) G is (Z/m)2, (Z/5)4, (Z/4)4, (Z/3)2n for n ∈ {2, 3, 4} or (Z/2)2n and
(2) torsH2(L,Z)/G is Z/r, Z/r + Z/2 or Z/r + Z/3 for some r. 
Remark 14. Most Abelian groups can not be written in the above form. If G
exists, then it is almost always unique up to isomorphism. The only ambiguity is
with the 6-torsion part.
To see this, we can consider the p-parts separately. The main cases are
(1) Ap = (Z/p
a)2 + Z/pb and Ap/G ∼= Z/p
b,
(2) Ap = Z/p
a + Z/pb and Ap/G ∼= Z/p
b−a.
These are the only possibilities for p ≥ 7, with a few more cases for p = 2, 3, 5.
15 (Plan of the proofs of (4) and (7)). We follow the approach in [Kol05, 6.8]. Start
with (S, (1 − 1r )D + ∆) satisfying the conditions (8.1–3). Let g : S
′ → S be the
minimal resolution of S and h : S′ → Sm a minimal model of S′. In the sequence
of blow ups leading from S to S′ and the subsequent blow downs leading from S′
to Sm every intermediate surface T satisfies the following condition:
(∗) We can write −KT ≡ (1−
1
r )DT+∆T+HT whereDT denotes the birational
transform ofD on T , ∆T is an effective linear combination of rational curves
(coming from ∆ and the exceptional curves of g) and HT is nef and big (this
is a general divisor numerically equivalent to the pull back/push forward of
−(KS + (1 −
1
r )D +∆)).
This turns out to be very restrictive in many cases.
It is easy to see that S is a rational surface, so Sm is either P2,P1 × P1 or a
minimal ruled surface Fn for some n ≥ 2. For the latter, let E ⊂ Fn denote the
negative section and F a fiber. By an easy case analysis (cf. [Kol05, 6.8]) we get
the following.
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(1) If r ≥ 6 and g ≥ 1 then Sm = P2,P1 × P1 or F2 and D
m ∈ | − KSm | is
smooth and elliptic.
(2) If r ≥ 5, g ≥ 2 then r = 5, Sm = F3 and D
m ∈ |2E + 6F | has genus 2.
(3) If r ≥ 3, g ≥ 4 then r = 3, Sm = F5 and D
m ∈ |2E + 10F | has genus 4.
(4) If r = 4, g ≥ 2 then either Sm = F3 and D
m ∈ |2E + 6F | or Sm = F2 and
Dm ∈ |2E + 5F |. In both case Dm has genus 2.
The plan is, in each case, to start with (Sm, (1 − 1r )D
m +∆m) and to write down
all possible (S′, (1− 1r )D
′+∆′). It is then easy to get a complete list of all (S, (1−
1
r )D + ∆). Finally we need to check the additional conditions, especially [Kol05,
3.6 and 4.8].
2. The exceptional cases
16 (The (Z/5)4 and (Z/3)8 cases). Assume that H2(L.Z) contains a subgroup
isomorphic to (Z/5)4 or (Z/3)8. Let G ⊂ H2(L.Z) be the subgroup given in (13).
Since the odd torsion in H2(L,Z)/G is either cyclic or (Z/3)
2, we conclude that
either
(1) G = (Z/5)4,
(2) G = (Z/3)8, or
(3) G = (Z/3)6 and H2(L,Z)/G = (Z/3)
2.
Thus g(D) = 2 in the first case and g(D) ≥ 3 in the second and third cases.
This implies that S0 is simply connected. Indeed, any nontrivial cover π : S′ → S
would give another log Del Pezzo surface where D′ := π−1(D) has genus ≥ 3 in the
first case and genus ≥ 5 in the other cases. By the list in (15) there are no such
surfaces. In particular, the case G = (Z/3)6 and H2(L,Z)/G = (Z/3)
2 does not
happen.
Next, as in [Kol05, 9.9], we show that S′ = Sm and S is obtained by contracting
the negative section E. Indeed, any one point blow up of Fm maps either to Fm−1
(if we blow up a point not on E) or Fm+1 (if we blow up a point on E). Since S
m
is unique in each case by the list in (15), S′ → Sm is an isomorphism.
If S = Sm then
∆m +Hm ≡
∑
(1 − 1ri )Di +H
where the Di are rational and H is ample. In the (Z/5)
4 case, this would give
2
5E +
1
5F ≡
∑
(1− 1ri )Di +H.
The intersection number of the left hand side with F is 25 <
1
2 , so any Di is a fiber.
Now intersecting with E shows that there can not be any Di. This is impossible
since the left hand side is not nef and big.
Similarly, in the (Z/3)8 case we would need to solve
2
3E +
1
3F ≡
∑
(1− 1ri )Di +H,
which is also impossible.
This proves (7), except for the equations.
There is a systematic way to obtain Y and the C∗-action from (S,∆) (cf. [Kol05,
2.5]), but I found it much easier to do this by guessing. Note that by contracting
the negative section in Fn, we get the weighted projective plane P(1, 1, n) and
D ∈ |2E + 2nF | is a curve given by a degree 2n equation. After completing the
square, these are of the form z2 + f2n(x, y). The explicit relationship between ∆
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and the weights exhibited in [BGK05, 6] now leads to f = t5+ z2+ f6(x, y) in case
r = 5, Sm = F3 and to f = t
3 + z2 + f10(x, y) in case r = 3, S
m = F5. 
The case analysis is harder for (Z/4)4 and we need some way to see how to get
S′ from Sm.
17 (Blow up criterion). Assume that π : T1 → T is the inverse of the blowing up of
p ∈ T with exceptional curve E1 ⊂ T1 and that (T1, (1−
1
r )D1 +∆1 +H1) satisfies
(15.∗). That is, −KT1 ≡ (1 −
1
m )D1 +∆1 +H1, ∆1 is effective and H1 is nef and
big.
Set D := π∗D1,∆ := π∗∆1 and H := π∗H1. Then (T, (1 −
1
r )D +∆ +H) also
satisfies (15.∗). Since (KT1 · E1) = −1, we conclude that(
(1− 1r )D1 +∆1 +H1
)
·E1 = 1,
hence
multp
(
(1− 1r )D +∆+H
)
≥ 1.
In practice we know (T, (1 − 1r )D) and we would like to find p. This is possible if
the numerical class of ∆ + H is small, but we get many possibilities if ∆ + H is
bigger.
18 (The (Z/4)4 case). Here there are two possibilities for (Sm, Dm) and S′ → Sm
need not be an isomorphism.
Let us start with Sm = F2 and D
m ∈ |2E + 5F |.
Case 1. If S′ = Sm then, as in (16), from (E ·(∆
m+Hm)) < 0 we see that E must
be contracted. Thus S is the weighted projective plane P(1, 1, 2) and D is given by
a weighted degree 5 equation (f5(x, y, z) = 0) where w(z) = 2. (Alternatively, S
is the quadric cone in P3 and D is a curve of degree 5 passing through its vertex.)
Thus we get the equation (t4 + f5(x, y, z) = 0) for Y . This gives us (7.3.a).
Case 2. If we perform at least one blow up in going from Sm to S′, then as
before, we could have ended up with Sm = F1 or S
m = F3 instead. The first case
is impossible from the list of (15) and the second one we consider next.
Case 3. Thus assume that Sm = F3 and C ∈ |2E+6F | is a smooth curve. Thus
∆m +Hm ≡ 12E +
1
2F .
If S′ = Sm then, as before, we see that E must be contracted. This leads to the
surface S = P(1, 1, 3) and D ∈ |OS(6)| a smooth curve.
This never leads to simply connected 5–manifolds by [Kol05, 4.8]. All Seifert
bundles are of the form Y (S,B, b4D) where B = aF for some a ∈ Z and b ∈ {1, 3}.
The corresponding Chern class is (a+ 3b2 )F , always a half integer. Thus we get the
basic cases with c1(Y/S) =
1
2 and their obvious quotients.
Since D ∈ |OS(6)| and 6 is even, H
orb
1 (S,
3
4D) = Z/2 and there are two basic
cases: a = −1, b = 1 and a = −4, b = 3.
The double cover of (S, 34D) is given by
S6 = (f6(x, y, z) + T
2 = 0) ⊂ P(1, 1, 3, 3),
and the involution is (x : y : z : T ) 7→ (x : y : z : −T ). Keep in mind that these
are projective coordinates, so the same involution can be given as (x : y : z : T ) 7→
(−x : −y : −z : T ). The basic Seifert bundle pulls back to Y = L∗(2, 2, 6, 3; 12)
with typical equation
x6 + y6 + z2 + t4 = 0.
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There are 2 ways to lift the involution to a fixed point free involution on Y . These
are (x, y, z, t) 7→ (−x,−y,−z,−t) and (x, y, z, t) 7→ (−x,−y,−z, t). These give the
2 families listed in (7.3.b).
Case 4. Next we blow up at least 1 point on Sm. This point can not be on E
since the resulting surface would also dominate F4. Write
1
2E +
1
2F ≡ ∆
m +Hm =
∑
aiFi + bE +R
m,
where the Fi are distinct fibers and R
m has no irreducible component which is E
or a fiber. By intersecting with F we see that b ≤ 12 . Intersecting with E gives
0 ≤ (E ·Rm) = 3b− 1−
∑
ai,
in particular b ≥ 13 and
1
2 − b ≤
1
3 (
1
2 −
∑
ai), thus
∑
ai ≤
1
2 . If p lies on F1 then
multp(∆
m +Hm) ≤ a1 + (F · R
m) = a1 + (
1
2 − b) ≤
1
6 +
2
3a1 −
1
3
∑
i6=1
ai ≤
1
2 .
The condition (15.∗) is
multp(
3
4D +∆
m +Hm) ≥ 1,
which is only possible if p ∈ C and a1 ≥ 1/8. Furthermore, if a1 ≤ a2 then we
get 14 ≤ a1 ≤ a2. But
∑
ai ≤
1
2 , and this would lead to R
m = (12 − b)E which is
impossible. Thus we conclude:
Claim. There is a unique fiber F such that S′ is obtained from Sm by blowing
up points in or above F ∩D.
The general case is when F ∩D consists of 2 points and the special case is when
F ∩D is a single point where F and D are tangent.
Case 5. Let us deal first with the general case and blow up p ∈ F ∩D. We get
S1 → S
m with exceptional curve G1. Let F1 and D1 be the birational transforms
of F and D. Write
∆1 +H1 = aF1 + bE1 + cG1 +R1.
From (17) we see that
c ≤ multp(
3
4D +∆
m +Hm)− 1 ≤ 34 + a+
1
3 (
1
2 − a)− 1 =
2
3a−
1
12 .
So at every point q ∈ G1 \ (D1 + F1) the multiplicity of ∆1 +H1 is at most
c+multq R1 ≤ c+multpR
m ≤ 23a−
1
12 +
1
6 −
1
3a =
1
12 +
1
3a < 1,
thus we can not blow these up. At G1 ∩ F1 the multiplicity is at most
a+ c+multq R1 ≤ a+
1
12 +
1
3a < 1.
Finally, at G1 ∩D1 the multiplicity is at most
3
4 +
1
12 +
1
3a =
5
6 +
1
3a < 1,
except when a = 12 . But this again would lead to R
m = (12−b)E which is impossible.
Thus we conclude that we can blow up one or both of the points F ∩D and then
we get S′.
If we blow up only one point, we have to contract F1 and we are in the already
considered case when S′ = F2.
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Case 6. If we blow up both points of F ∩D, we have to contract E1 ∪ F1. We
get a surface with Picard number 2 and a single cyclic quotient singularity of the
form C2/ 15 (1, 2).
Claim. The surface S is isomorphic to a quasi-smooth hypersurface S6 ⊂
P(1, 1, 3, 5) and D is the complete intersection of S6 with (t = 0).
I found this isomorphism by computing the quotient by the hyperelliptic invo-
lution of D which acts on Sm, S′ and also on S. Once the isomorphism is guessed,
it is easier to verify by working backwards from the surface S6 ⊂ P(1, 1, 3, 5). Its
equation can be written, after coordinate changes, as
S6 = (z
2 + f6(x, y) + ℓ1(x, y)t = 0) ⊂ P(1, 1, 3, 5).
Notice that its intersection with (ℓ1 = 0) is the reducible curve (z
2 + f6(x, αx) =
0) ⊂ P(1, 3, 5) for some α. The two irreducible components correspond to the two
exceptional curves of S′ → Sm. The rest is a straightforward computation. The
surface is specified by choosing 6 points in P1 (given by f6 = 0) plus one more
corresponding to the choice of ℓ1.
This leads to the case (7.3.e).
Case 7. Next we deal with the special case when F ∩D is a single point where
F and D are tangent. Computations as above yield that in this case we can blow
up the point p on D at most 3–times.
Case 8. If S′ is obtained by 1 blow up, we factor through F2 as before. If we do 2
blow ups, we get S = P(1, 2, 5) and D ∈ |O(10)|. As in Case 3, Horb1 (S,
3
4D) = Z/2.
Set L := (x = 0). There are two basic cases, corresponding to Y (S,−2L, 14D) and
Y (S,−7L, 34D). The index 2 point (0 : 1 : 0) ∈ S adds a further complication since
the first of these does not satisfy the smoothness condition [Kol05, 4.8.1].
The orbifold double cover of (S, 34D) is
S10 := (f10(x, y, z) + T
2 = 0) ⊂ P(1, 2, 5, 5)
and the involution is (x : y : z : T ) 7→ (x : y : z : −T ). Since these are weighted
projective coordinates, this is the same as (x : y : z : T ) 7→ (−x : y : −z : T ). (Note
that −1 acts by sending a coordinate u to (−1)wt(u)u, hence the + sign in front of
y.)
This leads to the basic examples L = L∗(2, 4, 10, 5; 20) with sample equation
(x10 + y5 + z2 + t4 = 0), The lifting of the involution is either (x, y, z, t) 7→
(−x, y,−z,−t) or (x, y, z, t) 7→ (−x, y,−z, t). Here the second action has fixed
point, this is consistent with our earlier considerations. Thus we get only one
family, as in (7.3.d).
Case 9. Finally, if we blow up 3–times, we can contract the birational transforms
of E,F and of the first 2 exceptional curves. This gives a surface with a single
singular point of the form C2/ 19 (2, 5).
Claim. The surface S is isomorphic to a quasi-smooth hypersurface S10 ⊂
P(1, 2, 5, 9) and D is the complete intersection of S10 with (t = 0).
Once again, it is easier to verify this by working backwards. The equation of S10
is
(f5(x
2, y) + z2 + xt = 0) ⊂ P(1, 2, 5, 9).
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Its intersection with (x = 0) is the curve (ay5 + bz2 = 0) ⊂ P(2, 5, 9). This
is a smooth (but not quasi-sooth) rational curve, and it corresponds to the last
exceptional curve of S′ → Sm. The surface is specified by choosing 6 points in P1
(given by xf5 = 0), that is a genus 3 hyperelliptic curve plus a specified branch
point. The rest is a straightforward computation.
Thus we obtain (7.3.c). 
19 (Other examples). It is easy to write down infinitely many positive Sasakian
structures on certain simply connected 5–manifolds L either by hand or by con-
sulting the (partially unpublished) lists of Boyer and Galicki. Below I write the
orbifolds (S,∆) and the simplest equation. (Here Ck denotes a general curve of
degree k in the weighted projective plane P(a, b, c) with coordinates x, y, z and
ℓ := (x = 0).)
(1) H2(L,Z) = (Z/3)
2. For any (k, 6) = 1, take(
P(1, 1, 2), (1− 13 )C4 + (1−
1
k )ℓ
)
and x4k + y4 + z2 + t3.
(2) H2(L,Z) = (Z/5)
2. For any (k, 30) = 1, take(
P(1, 2, 3), (1− 15 )C6 + (1−
1
k )ℓ
)
and x6k + y3 + z2 + t5.
(3) H2(L,Z) = (Z/3)
4. For any (k, 30) = 1, take(
P(1, 2, 5), (1− 13 )C10 + (1−
1
k )ℓ
)
and x10k + y5 + z2 + t3.
(4) H2(L,Z) = (Z/2)
2n. For n ≥ 0 and (k, 2n(2n+ 1)) = 1 take
(
P(1, 1, n), (1− 12 )C2n+1 + (1−
1
k )ℓ
)
and xk(2n+1) + y2n+1 + yz2 + t2.
Sasakian–Einstein structures are known to exist in the first 3 cases, but for the last
one the criterion of [DK01] fails and existence is not known.
The situation is more complicated in the next two cases:
(5) H2(L,Z) = (Z/4)
2 or (Z/6)2. For any k, take(
P(1, 2, 3), (1− 14 )C6 + (1−
1
k )ℓ
)
resp.
(
P(1, 2, 3), (1− 16 )C6 + (1 −
1
k )ℓ
)
.
These are the right examples as log Del Pezzo surfaces, but the condition
[Kol05, 4.8.2] fails, so the corresponding Seifert bundles are not simply
connected. Since my approach is to rule out everything at the surface level,
these cases could be very hard to settle using my methods.
This leaves open the finiteness question for
(6) H2(L,Z) = (Z/m)
2 with 7 ≤ m ≤ 11, and
(7) H2(L,Z) = (Z/3)
6.
The computations in Section 4 suggest that in these cases there should be only
finitely many families of pre-SE structures.
However, as the examples with H2(L,Z) = (Z/4)
4 suggest, the case analysis can
be rather tricky and unexpected special configurations may arise.
3. The main series
Let us start with fixing an error in [Kol05].
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20 (Correction to [Kol05, Thm.1.8.1(b)] ). The theorem asserts that for each m ≥
12, there are exactly 93 pre-SE Seifert bundles f : L → (S,∆) on compact 5–
manifolds L satisfying H1(L,Z) = 0 and torsH2(L,Z) ∼= (Z/m)
2.
The construction of the 93 families of pairs (S,∆) is correct. Going from (S,∆)
to the Seifert bundle is, however, done incorrectly since the conditions for a Sasakian
structure and for a pre–Sasakian–Einstein structure have been thoroughly mixed
up.
The construction of the 93 families given in [Kol05, 7.6] starts with a surface T
which is one of P1 × P1,P2, Q, S5,P(1, 2, 3). For each of these write −KT ∼ d(T )H
where H ∈Weil(T ) is a positive generator. We have
d(P1 × P1) = 2, d(P2) = 3, d(Q) = 4, d(S5) = 5, d(P(1, 2, 3)) = 6.
Next we perform some weighted blow ups [Kol05, 7.3] to get S = Bm1,...,mkT . There
are k exceptional curves E1, . . . , Ek. Each Ei passes through a unique singular
point pi ∈ S and Ei generates the local class group which is Z/mi. Set d(S) :=
gcd(m1, . . . ,mk, d(T )).
The divisor class group Weil(S) is freely generated by
π∗H,E1, . . . , Ek and KS ∼ −d(T )π
∗H +
∑
miEi.
The main condition that was overlooked is the smoothness criterion for Seifert
bundles [Kol05, 3.6].
In our case there is only one curve D and S is smooth along D. Thus, by [Kol05,
3.6], the corresponding Seifert bundle Y (S,B, bmD) is smooth iff
B generates the local class group at every point. (20.1)
Claim 20.2. Notation as above. Then
Y (Bm1,...,mkT, aH + c1E1 + · · ·+ ckEk,
b
m
D) is smooth
iff (mi, ci) = 1 for i = 1, . . . , k and (a, d(T )) = 1 if T is singular.
As a consequence, we see that all 93 cases correspond to positive Sasakian struc-
tures on smooth 5–manifolds.
A Seifert bundle is pre-SE iff its Chern class c1(Y/S) = B +
b
mD is a rational
multiple of −(KS + (1−
1
m )D). In our case D ∼ −KS, hence B itself is a rational
multiple of −KS . Thus
B = r
( d(T )
d(S)π
∗H −
∑
mi
d(S)Ei
)
for some positive integer r. Thus if (20.1) holds then d(S) = mi for every i.
Furthermore, in the cases when T is singular, B generates the local class group
at each singular point of T iff d(T ) = d(S). Thus we obtain the following.
Claim 20.3. Notation as above. Then
Y (Bm1,...,mkT, aH + c1E1 + · · ·+ ckEk,
b
mD) is smooth and pre–SE iff
(1) m1 = · · · = mk = d(S),
(2) aH + c1E1 + · · ·+ ckEk = r(−
d(T )
d(S)H +E1 + · · ·+Ek) for some r ∈ Z, and
(3) if T is singular, then (r, d(T )) = 1 and d(S) = d(T ). 
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These conditions cut down considerably the list given in [Kol05, 7.6] and we get
the following 19 cases:
surfaces d(S)
B1P
2, B11P
2, . . . , B11111111P
2 1
P1 × P1, B2P
1 × P1, B22P
1 × P1, B222P
1 × P1 2
P2, B3P
2, B33P
2 3
Q,B4Q 4
S5 5
P(1, 2, 3) 6
Table 1
The condition [Kol05, 4.8.2] says that the resulting Seifert bundle L satisfies
H1(L,Z) = 0 iff H
2(S,Z) → H2(D,Z) → Z/m is surjective. If S = T , that is, we
do no blow ups at all, then by [Kol05, 9.8]
im
[
H2(T,Z)→ H2(D,Z)
]
= d(T )H2(D,Z).
After blow ups, the new curves that come in are the exceptional curves Ei. Here
(Ei ·D) = 1 but the Ei pass through the singular points and they are only homology
classes. To get a cohomology class (or Cartier divisor), we need to take miEi since
mi is also the index of the singular point. Thus we conclude:
Claim 20.4. For S = Bm1,...,mkT , im
[
H2(S,Z)→ H2(D,Z)
]
= d(S) ·H2(D,Z).

Corollary 21. Let S be a projective surface with Du Val singularities such that
π1(S
0) = 1. Let D ∈ |−KS| be a smooth elliptic curve. There is a simply connected
Seifert bundle f : L→ (S, (1 − 1m )D) with a pre-SE structure iff
(1) S is one of the surfaces in Table 1, and
(2) m is relatively prime to d(S).
In these cases, f : L→ (S, (1− 1m )D) is uniquely determined by (S, (1−
1
m )D) (up
to reversing the orientation of the fibers) and L carries a Sasakian–Einstein metric
for m ≥ 7.
Proof. we have proved eveything, except the claims about the existence of
Sasakian–Einstein metrics. This will be established in (33). 
22 (Equations). Quite surprisingly, all the singular surfaces on the list can be
realized in weighted projective 3–spaces. All of these examples are on the Boyer–
Galicki lists. Here also claim the converse: every singular Del Pezzo surface in
Table 1 is isomorphic to a corresponding surface below.
(1) B2P
1 × P1: S3 ⊂ P(1, 1, 1, 2) with simplest equation
x3 + y3 + z3 + xtm = 0 for (m, 2) = 1.
(2) B22P
1 × P1: S4 ⊂ P(1, 1, 2, 2) with simplest equation
x4 + y4 + z2 + ztm = 0 for (m, 2) = 1.
(3) B222P
1 × P1: S6 ⊂ P(1, 2, 3, 2) with simplest equation
x6 + y3 + z2 + t3m = 0 for (m, 2) = 1.
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(4) B3P
2: S4 ⊂ P(1, 1, 2, 3) with simplest equation
x4 + y4 + z2 + xtm = 0 for (m, 3) = 1.
(5) B33P
2: S6 ⊂ P(1, 2, 3, 3) with simplest equation
x6 + y3 + z2 + ztm = 0 for (m, 3) = 1.
(6) Q: S4 ⊂ P(1, 1, 2, 4) with simplest equation
x4 + y4 + z2tm = 0 for (m, 2) = 1.
(7) B4Q: S6 ⊂ P(1, 2, 3, 4) with simplest equation
x6 + y3 + z2 + ytm = 0 for (m, 2) = 1.
(8) S5: (sorry for the notation) S6 ⊂ P(1, 2, 3, 5) with simplest equation
x6 + y3 + z2 + ztm = 0 for (m, 5) = 1.
(9) P(1, 2, 3): S6 ⊂ P(1, 2, 3, 6) with simplest equation
x6 + y3 + z2 + tm = 0 for (m, 6) = 1.
Remark 23. There are no hypersurface links on the Boyer–Galicki lists giving
infinitely many (S,∆) where S ∈ {B1P
2, . . . , B11111P
2}.
I claim that these can not be realized as the link L of a hypersurface with a
C∗-action, at least when H2(L,Z) ⊃ (Z/m)
2 for m ≥ 12 and (S,∆) is log Del
Pezzo. Assume the contrary. Then we get that S is a hypersurface in a weighted
projective space P(a, b, c, d) such that KS+(1−
1
m )D is proportional to H |S where
H is the hyperplane class of the weighted projective space. Since D ∈ | −KS|, we
conclude that KS is proportional to H . By the Grothendieck–Lefschetz theorem,
this implies that −KS = dH for some d ∈ Z. In our cases −KS is not divisible, so
d = 1. This implies that
h0(S,OS(−KS)) = h
0(P(a, b, c, d),OP(1)) ≤ 4,
since this dimension is the number of times that 1 occurs among a, b, c, d. In the
above cases, however, h0(S,OS(−KS)) ≥ 5.
Galicki told me that the link L∗(2, 3, 4, 7; 14) realizes S = B1111P
2, but the
corresponding ∆ is not a rational multiple of −KS .
24 (The cases with nontrivial fundamental group). The classification of minimal
Del Pezzo surfaces with Du Val singularities is completed in [Fur86, MZ88, MZ93,
Ye02]. We are interested only in those that have cyclic quotient singularities. The
5 cases where π1(S
0) = 1 were considered in [Kol05]. The following table lists the
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remaining ones.
degree singularities π1(S
0) Weil /Pic univ. cover π1(S
0 \D)
1 A8 Z/3 Z/3 B3111P
2 Z/3
1 A7 +A1 Z/4 Z/4 B2111P
2 Z/4
1 A5 +A2 +A1 Z/6 Z/6 B111P
2 Z/6
1 4A2 (Z/3)
2 (Z/3)2 P2 G27
1 2A3 + 2A1 Z/2 + Z/4 Z/2 + Z/4 P
1 × P1 G16
1 2A4 Z/5 Z/5 B1111P
2 Z/5
1 A3 + 4A1 (Z/2)
2 (Z/2)3 + Z/4 B22P
1 × P1 Z/2 + Z/4
2 A7 Z/2 Z/4 B41P
2 Z/2
2 A5 +A2 Z/3 Z/6 B11Q Z/3
2 2A3 +A1 Z/4 Z/2 + Z/4 P
1 × P1 Z/2 + Z/4
2 6A1 (Z/2)
2 (Z/2)4 P1 × P1 G8
2 2A3 Z/2 Z/2 + Z/4 B22P
1 × P1 Z/4
3 A5 +A1 Z/2 Z/6 B3P
2 Z/6
3 3A2 Z/3 (Z/3)
2 P2 (Z/3)2
4 A3 + 2A1 Z/2 Z/2 + Z/4 Q (Z/2)
2
4 4A1 Z/2 (Z/2)
3 P1 × P1 (Z/2)2
Table 2
Here Gn is a nonabelian group of order n.
(1) G8 is the quaternion group,
(2) G16 ⊂ GL4 is generated by (x, y, z, t) 7→ (z, t,−x, y) and (x, y, z, t) 7→
(y,−x, t,−z).
(3) G27 ⊂ GL3 is generated by (x, y, z) 7→ (y, z, x) and (x, y, z) 7→ (x, ǫy, ǫ
2z)
where ǫ3 = 1.
The computation of the table: The papers [Fur86, p.13-15], [MZ88, p.71], [MZ93,
p.193] and [Ye02] contain tables for the first 4 columns, except Weil /Pic in the 4
cases with Picard number 2. (The fundamental group of A7 + A1 is listed in
[MZ88, p.71] as (Z/2)2, but it is Z/4.) The Picard number and the singularities of
the universal cover are listed in [MZ88, p.71], from this it is easy to work out where
the surface is on the list [Kol05, 7.6].
By [Ye02, 1.2 and 1.6], for each singularity type there is a unique surface, except
for 2A3 for which there is a 1–parameter family.
Once we have S¯ → S as the universal cover and D¯ ⊂ S¯ is the preimage of D
then we have an exact sequence
π1(S¯
0 \ D¯)→ π1(S
0 \D)→ π1(S
0)→ 1.
Each time S¯ is obtained by a blow up of weight 1, the resulting P1 ⊂ S¯ intersects
D¯ transversally at 1 point, so π1(S¯
0 \ D¯) = 1. In the remaining cases one needs to
write down the action of the π1(S
0) and see how it lifts to the universal cover of
S¯0 \ D¯.
Computing any entry of the table is an elementary task. Some computations are
quick but a few are quite tedious. It is unfortunately easy to miss or misdraw a
−1-curve after performing many blow ups, so anyone wishing to rely on a particular
entry is advised to recheck it.
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In the simply connected case there are many isomorphisms between blow ups,
but this does not happen for the general case.
Lemma 25. Let S be a Del Pezzo surface with cyclic quotient singularities such
that |π1(S
0)| > 1. There is a unique line in Table 2 such that S is a weighted blow
up of a surface on that line. (We do not claim that the blow up itself is unique.)
Proof. The blow ups do not change the fundamental group [Kol05, 7.3] and we
create only A1 and A2 singularities since we can only have blow ups Bm1,...,mrT
where
∑
mi < degT − 1 ≤ 3. It turns out that the fundamental group and the
collection of Ai : i ≥ 3 singularities uniquely determine in which line of Table 2 the
surface is. The Picard number and the Ai : i ≤ 2 singularities now determine the
number and type of blow ups performed. 
If degT = 1 (resp. 2, 3, 4) then we get 1 (resp. 2, 4, 7) blown up surfaces, includ-
ing T itself. Thus we get 39 deformation types of Del Pezzo surfaces with cyclic
quotient singularities such that |π1(S
0)| > 1. The 93 cases where π1(S
0) = 1 were
enumerated in [Kol05, 7.6], giving a total of 132 deformation types.
26 (Existence of smooth Seifert bundles). Let S be one of the surfaces in Table
2 and D ∈ | −KS | a smooth elliptic curve. As in (20), we are considering Seifert
bundles Y (S,B, bmD) where B is a Weil divisor class on S.
By (20.1) Y (S,B, bmD) is smooth iff B generates the local class group at every
point.
Finding all such B requires a detailed computation of the divisor class group
Weil(S) and the restriction map
Weil(S)/Pic(S)→
∑
p∈SingS
Weil(p, S).
On a Del Pezzo surface of degree ≤ 7, the curves C with (C ·KS) = −1 generate
Weil(S). On the minimal desingularization S′ → S these are the −1 curves. Thus
if we have a description of S′ as a blow up of P2, we see all such curves by looking at
lines through 2 blow up points, conics through 5 blow up points, etc. (See [Man86,
Sec.26] for the complete list in degrees 2 and 1.) The description given in [Fur86]
gives exactly these blow ups. See also [MZ88, Figure 1].
In some cases Weil(S)/Pic(S) is too small to get surjection onto some Weil(p, S),
and then there are no smooth Seifert bundles at all. This happens in 3 cases:
A8, A7 +A1, A7.
More surprising is the mildly singular A3 + 2A1 case which again has no smooth
Seifert bundle over it. On the minimal desingularization, the configuration of −1
and −2 curves is
−2
◦ −
−1
◦ −
−2
◦ −
−2
◦ −
−2
◦ −
−1
◦ −
−2
◦
In order to generate both Z/2 on the ends, we need to take the two −1-curves with
odd coefficients, but then we get only twice the generator of the Z/4 of the middle
singularity.
The more complicated A5 +A1 case leads to the configuration
−2
◦ −
−1
◦ −
−2
◦ −
−2
◦ −
−2
◦ −
−2
◦ −
−2
◦
plus an extra −1-curve. The −1-curve shown generates both local class groups, so
there are smooth Seifert bundles, even with SE structure.
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A glance at the diagrams for A5+A2+A1 and for 2A4 in [MZ88, Figure 1] shows
−1-curves which generate all local class groups.
As another concrete example, the group G27 operates freely on C
3 outside the
origin, thus S5/G27 → P
2/(Z/3)2 is a smooth Seifert bundle.
Just for illustration, let us compute one simple case completely.
Example 27 (3A2 case). We can write this as S = P
2/(Z/3) by the action
(x : y : z) 7→ (x : ǫy : ǫ2z) where ǫ3 = 1.
We can take D = (x3 + y3 + z3 = 0). The universal cover of P2 \D is the cubic
(x3 + y3 + z3 = t3) ⊂ P3.
We get a (Z/3)2-action generated by
(x : y : z : t) 7→ (x : ǫy : ǫ2z : t) and (x : y : z : t) 7→ (x : y : z : ǫt).
The 3 coordinate lines give the curves A,B,C ⊂ P2/(Z/3). These generate
Weil(S) subject to the relations 3A = 3B = 3C = A+B+C. We can thus rewrite
Weil(S) = Z[A] + Z/3[A−B].
By explicit computations, the class Buv := uA+ v(A−B) corresponds to a smooth
Seifert bundle iff none of the numbers u, v, u + v is divisible by 3. Whenever this
holds, there is a smooth pre-SE Seifert bundle Luv → (S,Buv, (1 −
1
m )D) for any
(m, 3) = 1. It has a Sasakian–Einstein metric for every m ≥ 4.
Remark 28. As a consequence of the classification, [MZ93, Thm, p.184] concludes
that the fundamental group of a Del Pezzo surface with Du Val singularities is
abelian.
This is easy to see directly as follows. Let g : S′ → S be the universal cover.
Pick a smooth elliptic curve C ∈ | −KS |. Then C
′ := g−1(C) ∈ | − KS′ |, thus it
is also a smooth elliptic curve. Hence the fundamental group is the same as the
kernel of the group homomorphism C′ → C, hence an abelian group with at most
2 generators.
4. Klt conditions
While we did not use it in the proof, it is instructive to see the relationship
between finding S′ and the klt condition for (Sm, (1− 1r )D
m +∆m +Hm).
Since ∆′ is a nonnegative linear combination, all exceptional curves of S′ → Sm
have nonpositive discrepancy with respect to (Sm, (1− 1r )D
m +∆m +Hm). If the
latter pair is klt, then, by an observation of Shokurov, there are only finitely many
such curves on any birational model of Sm and they can be found explicitly (cf.
[KM98, 2.36]).
The problem with using this result is that we do not know ∆m and Hm, only
the numerical class
∆m +Hm ≡ −
(
KSm + (1−
1
r )D
m
)
.
The usual proofs of the above finiteness result start by taking a log resolution of
(Sm, (1 − 1r )D
m + ∆m + Hm), and in essence we would need to understand all
smooth surfaces dominating Sm.
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The key part of the proofs in (16) and (20) is to describe all exceptional curves
over Sm which have nonpositive discrepancy with respect to some (Sm, (1− 1r )D
m+
∆m +Hm).
To this end one can use the following result which sharpens the klt conditions
used in [Kol05, Sec.8].
Proposition 29. Let S be a smooth surface, C a smooth curve on S and D an
effective Q-divisor on S such that C 6⊂ SuppD. Let p ∈ S be point and n a natural
number. Then (S, (1− 1n )C + cD) is klt at p for
c < min
{
1
(C ·D)p
+
1
n ·multpD
,
1
multpD
}
.
Proof. Choose local coordinates (x, y) such that C = (y = 0) and let f(x, y) = 0
be an equation of mD for some m such that mD is an integral divisor.
Consider the local degree n cover π : T → S given by y = zn. By [Kol92, 20.3.2],
(S, (1− 1n )C + cD) is klt at p iff (T,
c
m (f(x, z
n) = 0)) is klt at p.
We aim to apply a theorem of Varcˇenko [Var76] which gives a condition for
(T, γ(g(x, z) = 0)) to be klt in terms of the Newton polygon of g in a suitable
coordinate system which is achieved after a series of coordinate changes of the form
(x, z) 7→ (x − αzi, z) or (x, z) 7→ (x, z − αxi). The problem is that we can handle
only those coordinate changes which are compatible with π. That is, those of the
form (x, z) 7→ (x − αzni, z). Thus we have to look carefully at the proof, not just
the final result.
We state the result in the rather artificial form that we need. The reader should
consult the proof given in [KSC04, 6.40], especially pp.172–3.
Lemma 30. Write g(x, z) =
∑
b(i, j)xizj. Assume that one of the following holds.
(1) (Main case.) There are (i, j) and (i′, j′) such that b(i, j) 6= 0, b(i′, j′) 6= 0
and the line segment [(i, j), (i′, j′)] contains a point (γ, γ) with γ < c−1.
(2) (Degenerate case.) There is (i, j) such that b(i, j) 6= 0 and i, j < c−1.
Then one of the following also holds:
(3) (Klt case.) (T, c(g(x, z) = 0)) is klt.
(4) (Coordinate change.) There are natural numbers u, v, w and e such that
(u, v) = 1, e > w/(u + v) and∑
ui+vj=w
b(i, j)xiyj is divisible by (αxv + βyu)e.
In this case necessarily u = 1 or v = 1, there is a unique such factor and
the new coordinates are (x, αxv + βy) if u = 1 and (αx+ βyu, y) if v = 1.
Set a = (L · D)p and d = multpD. As before, write f =
∑
b(i, j)xiyj . Then
b(am, 0) 6= 0 and b(i, j) 6= 0 for some i+ j = md. Thus
f(x, zn) =
∑
b(i, j)xiznj .
If b(i, j) 6= 0 for some i + j = md and j ≥ md/(n + 1) then the main case (30.1)
applies using the line segment [(am, 0), (i, nj)]. The maximum value of γ is achieved
when i = 0, giving the condition c < a−1 + (nd)−1.
Otherwise b(i, j) 6= 0 for some i + j = md and j < md/(n + 1) Thus i < md.
nj < md and (30.2) applies, giving the condition c < d−1.
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Thus either (T, cm (f(x, z
n) = 0)) is klt as required or we are in the coor-
dinate change case (30.4). Thus we consider
∑
ui+vnj=w b(i, j)x
iznj. Set U =
u/(u, n), V = vn/(u, n),W = w/(u, n) and look at the irreducible factorization∑
Ui+V j=W
b(i, j)xiyj =
∏
ℓ
(αℓx
V + βℓy
U )eℓ .
Correspondingly, ∑
ui+vnj=w
b(i, j)xiznj =
∏
ℓ
(αℓx
V + βℓz
Un)eℓ .
Since (30.4) applies, either min{V, Un} = 1, that is V = 1, or some (αℓx
V +βℓz
Un)
factors further. However, in the latter case we have (V, Un) > 1 factors of the
same multiplicity eℓ > w/(v + un), which is impossible. Thus V = 1 and the
coordinate change is of the form (x, z) 7→ (x− γzUn, z) which can be realized on S
as (x, y) 7→ (x− γyU , y). 
The following consequences show that the klt condition is satisfied for the cases
leading to H2(L,Z) = (Z/m)
2 for m ≥ 7 and for H2(L,Z) = (Z/3)
6. This is why I
expect to have only finitely many families for them.
Corollary 31. Let C ⊂ S be a smooth elliptic curve where S is P2,P1 × P1 or F2.
Let D be an effective Q-divisor such that D ≡ 1nC. Then (S, (1 −
1
n )C +D) is klt
for n ≥ 7.
Proof. Start with the S = P2 case. If H ⊂ P2 is a line then C ≡ 3H and so
D ≡ 3nH . Thus (C ·D)p ≤
9
n and multpD ≤ (H ·D) =
3
n . Since
n
9 +
1
3 > 1 for n ≥ 7,
the rest follows from (29). The other two cases are similarly easy. 
Corollary 32. Let C ⊂ F4 be a smooth curve of genus 3 such that C ≡ 2E + 8F .
Let D be an effective Q-divisor such that D ≡ −(K + 23C). Then (F3,
2
3C +D) is
klt.
Proof. Here D ≡ 23 (E + F ), thus
(C ·D)p ≤
2
3 · (2E + 8F ) · (E + F ) =
4
3 ,
and multpD ≤
2
3 . Since
3
4 +
1
2 > 1 the rest follows from (29). 
One can also use (29) to check the existence condition [DK01] for orbifold Ka¨hler–
Einstein metrics.
Corollary 33. Let S be a Del Pezzo surface with quotent singularities and C ∈
|−KS| a smooth elliptic curve. Then (S, (1−
1
n )C) has an orbifold Ka¨hler–Einstein
metric whenever n > 23K
2
S.
Proof. Set d = K2S. Let D be an effective Q-divisor such that D ≡
1
nC. We
need to check that (S, (1 − 1n )C +
2
3D) is klt. As in (31), this holds if
2
3 < min
{
n
d +
n
nd ,
n
d
}
= nd . 
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